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In recent research [1], multi-frequency topological derivative
(MFTD) was adopted to determine the shape of arbitrary
crack-like defects in a homogeneous material with smooth bound-
ary. On the basis of the obtained result, it has been confirmed that
MFTD based non-iterative imaging technique can be applied to the
limited-aperture inverse scattering problem when the range of
directions of the incident field is wider than p.
In this paper, we exhibit a negative result of MFTD for detecting
rectangular shaped crack-like inhomogeneity. Based on this result,
we suggest an additional condition for the application of MFTD in
limited-aperture inverse scattering problem.Preliminary
Based on [1], let C be an electromagnetic inhomogeneity with
smooth supporting curve r and small thickness. In particular, we
select C to be a rectangular shaped inhomogeneity as shown in
Fig. 1. Let uðnÞ0 ðxÞ :¼ expðixhn  xÞ be an incident field with incident
direction hn for n ¼ 1;2; . . . ;N. For a proper analysis, we set
hn ¼ ½cos hn; sin hn for hn ¼ aþ n 1N  1 ðb aÞ;
where the range of directions satisfies 0 < b a < 2p.LetWSðz;xÞ be the topological derivative imaging function. Ifx
and the total number of incident directions N are sufficiently large,
then based on [1], WSðz;xÞ has the following structure: for
x 2 r; z 2 R2; x z ¼ r½cos/; sin/,
WSðz;xÞ
maxjWSðz;xÞj ¼
Z
r
J0ðxjx zjÞ þ
Dðx; z;xÞ
b a
 
dðxÞ;
where Dðx; z;xÞ denotes the term, which is disturbing imaging per-
formance such that
Dðx; z;xÞ ¼ 2
X1
m¼1
ð1Þm
m
sinfmðb aÞg
 cosfmðbþ a 2/ÞgJ2mðxjx zjÞ:
For multiple frequencies xf : f ¼ 1;2; . . . ; F
 
, we consider the
following normalized topological derivative
Wðz; FÞ :¼
XF
f¼1
WSðz;xf Þ
max jWSðz;xf Þj :
Then, to obtain a good result, the term Dðx; z;xf Þ must be elimi-
nated for every f ¼ 1;2; . . . ; F, i.e., since
sinfmðb aÞg cosfmðbþ a 2/ÞgJ2mðxf jx zjÞ  0;
the range of directions of incident field must satisfy b a ¼ p. This
is the least condition of the range identified in [1].
Fig. 1. Configuration of the limited-aperture problem. Red-colored solid line
indicates the range of directions of incident field. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 2. Maps ofWðz; FÞ for n ¼ p=2 (top, left), n ¼ p=3 (top, right), n ¼ p=6 (bottom,
left), and n ¼ 0 (bottom, right) when the thin inhomogeneity is C1. Red-colored
solid line on @X describes the range of incident directions. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 3. Same as Fig. 2 except the thin inhomogeneity is C2.
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For numerical simulation, we select the homogeneous domain
X as a unit disk with its center at the origin. Thickness of thin
inhomogeneity is set to 0.015 and the supporting curve c1 of C1
is c1 ¼ ð0:5t;0Þ : 1 6 t  1f g. The applied frequencies are
xf ¼ 2p=kf at wavelength kf for f ¼ 1;2; . . . ;10 with k1 ¼ 0:6 and
k10 ¼ 0:3. Following [2], N ¼ 16 incident directions are applied
for a proper imaging with a ¼ n and b ¼ pþ n for n 2 R.
Based on the structure of Wðz; FÞ, a good result must be
obtained for any value of n. However, in contrast to the previous
result in [1], the obtained result in Fig. 2 is unsatisfactory when
n ¼ p=2. Note that this value is the angle between the x-axis and
unit normal vector to x 2 c1 (say nðxÞ). Furthermore, although
the result is better than the previous one, it is very hard to identify
the shape of C1 when n ¼ p=3, which is close to the angle between
the x-axis and nðxÞ.Based on this observation, let us apply the value n, which is dif-
ferent from the angle between the x-axis and nðxÞ. Fortunately, if
the value of n ¼ p=6, an acceptable result can be obtained. Hence,
if n ¼ 0, i.e., the angle between the x-axis and unit tangential vector
to x 2 c1, the shape of C1 can be obtained satisfactorily through the
map of Wðz; FÞ.
Now, let us consider the imaging result for the curve-like thin
inhomogeneity, say C2, with supporting curve c2 ¼ ðt þ 0:2; t3þ

t2  0:6Þ : 0:5 6 t  0:5g. Fig. 3 shows maps of Wðz; FÞ with vari-
ous values of n. It is interesting to observe that opposite to the
imaging of rectangular shaped inhomogeneity C1, retrieved shape
is very close to C2 for any value of n. Hence, in this case, the least
condition of the range of incident field suggested in [1] is
appropriate.
Based on simulation results in Figs. 2 and 3, we can observe that
to apply topological derivative in limited-aperture inverse scatter-
ing problem, the range of directions of incident field b amust be
wider than p. However, if the value of n is the angle between the x-
axis and unit normal vector to x 2 c, poor result will appear in the
map of Wðz; FÞ when the c is strip.
Notice that the role of angular corner allocation is similar to
what happens in inverse filtering concerned in [3]. Hence, further
analysis of such phenomenon and investigation of appropriate con-
dition of the range of directions will be an interesting research
subject.
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